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Abstract 

In this paper, we introduce a class of lightlike submanifolds of Kaehler manifold. 
We show that the induced connection is metric. We also endow theirs with 
symplectic form. Finally, we obtain a class of lightlike symplectic submanifolds. 
Hamiltonian formulation and symplectic reduction machinery in lightlike are 
presented. 

1. Introduction 

The growing importance of lightlike submanifolds in global Lorentzian 
geometry and their application in general relativity motivated the study 
of degenerate manifolds. Recently, that is during two to three last 
decades, the use of general null geometry theory as a mathematical 
foundation in the study of massless objects in physics has become very 
important [11, 12]. This study is becoming one of interesting topics in 
differential geometry of submanifolds of semi-Riemannian manifolds. 

It is also known that classical mechanics, in its Hamiltonian 
formulation on the motion space, has for framework a symplectic 
manifold. Smooth functions on that manifold are observable and the 
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dynamics is defined in terms of Hamiltonian H and time evolution of an 
observable tf  is governed by the equation 

{ }., tt fHfdt
d −=  

For this paper, we want to make link between the lightlike geometry 
and classical mechanics in its Hamiltonian formulation. It is possible to 
have, in this direction, the results who can explain or develop more one of 
these two theory. 

Our aim in this paper is to give a class of Kaehler lightlike 
submanifolds of an indefinite Kaehler manifold, which is invariant under 
the complex structure. There exist many works on CR-lightlike manifolds. 
But, in this work, the radical distribution is invariant under a complex 
structure. In [7], we introduced a volume element of lightlike 
hypersurface. We give a generalisation of this volume element on a 
lightlike submanifold. In Riemannian manifolds, it is known that the 
Kaehler form is a symplectic, even if Thurston [13] showed that the 
converse is not true and give some examples. But, it is come evident that 
in the complex lightlike submanifold of an indefinite Kaehler manifold, 
the Kaehler form is not symplectic contrary to pseudo-Riemannian 
manifold case. 

Moreover, if ( )wJgMMf ,,,: →  is holomorphic isometric 

immersion of complex submanifold M into pseudo symplectic manifold 

( ),,,, wJgM  then wf   is symplectic form on M [4, pg.76]. This result is 

not true in the lightlike one. We show that induced connection on M is 
metric. 

Theorem 1.1. Let ( ( ) ( )) ( )wJgMTMSTMSgMf mn ,,,,,,: 22 →⊥  

be a holomorphic isometric immersion of lightlike Kaehler submanifold 
nM 2  into an indefinite Kaehler manifolds .2mM  Then an induced 

connection on M is metric. Moreover, wf   is no symplectic. 
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Corollary 1.1. Let ( ( )) ( )wJgMTMSgMf mn ,,,,,: 22 →  be a 

holomorphic isometric immersion of a lightlike coisotrope almost complex 

submanifold into an indefinite Kaehler manifolds. Then ( )gM n ,2  is 

totally geodesic. 

This corollary generalize the result obtained by Fazilet in                   
[8, Proposition 7.3]. This paper is only which talk about this subject, but 
in small section without geometry details but in Kupeli approach [10]. 

As another consequence, a lightlike almost complex submanifold M is 
totally geodesic or minimal. 

Corollary 1.2. Let ( ( ) ( )) ( )wJgMTMSTMSgMf mn ,,,,,,: 22 →⊥  

be a holomorphic isometric immersion of a lightlike complex submanifold 
nM 2  into an indefinite Kaehler manifolds .2mM  Then nM 2  is minimal 

or totally geodesic. 

We use the lightlike metric to endow this class of submanifolds with 
symplectic form. Thus, for this normalization, we obtain necessary 
condition for lightlike vector fields to be Hamiltonian. The symplectic 
reduction machinery is also used. 

Theorem 1.2. Let ( ( ) ( ) )JgTMSTMSM n ,,,,2 ⊥  be an invariant 

holomorphic 2-lightlike almost complex submanifolds of an indefinite 

symplectic manifolds ( )wJgM m ,,,2  and normalizing null vectors given 

in Lemma 4.1. Then an associate 2-form θθ+=η Jwf   is a symplectic 

form on M. 

Theorem 1.3. Let ( ( ) ( ) )η⊥ ,,,, TMSTMSgM  be a 2-lightlike 

invariant submanifold endowed with associate symplectic form .η  Then 

( ) ( )., η⊂ MTMRad L  

Theorem 1.4. If the screen leaf space PM =F  is a smooth 

manifold, then ( ( ) )PwfP \,   is Kaehler (symplectic manifold). 
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The paper is organized as follows: In Section 2, we give preliminaries 
which come essentially to Duggal and Bejancu [5] for lightlike 
submanifolds and to Cannas [4] for Kaehler manifolds. We also give, in 
this section, a generalization of lightlike submanifolds metric volume. 

In Section 3, we present an invariant lightlike Kaehler submanifold. 
We prove the Theorem 1.1 and Corollaries 1.1, 1.2. We end this section by 
examples. In Section 4, we use then another normalization to associate 
the symplectic form to lightlike Kaehler submanifolds. We prove Theorem 
1.2. In Subsection 4.3, the proof of Theorem 1.3 and lightlike Hamiltonian 
vector fields are presented. The last Section 5, in which the proof of 
Theorem 1.4 deals with symplectic reduction machinery in lightlike 
Kaehler submanifolds. 

2. Preliminaries 

2.1. Basics on lightlike submanifolds 

Let ( )gM n ,2  be an r-lightlike submanifolds of pseudo-Riemannian 

manifold ( ).,2 gM m  Then one has (2p)-dimensional vector space 

( ).nmp −=  

{ ( ) },,0,, MTuuvgMTvMT xxxxxxx ∈∀=∈=⊥  

and 

{ }0≠= ⊥TMTMRadTM ∩  

is r-dimensional subspace. There exists four kinds of lightlike 
submanifolds: 

● The proper r-lightlike submanifolds, where ( ).2,2min0 pnr <<  In 

this case, ( ) TMTMRad   and ( ) .⊥TMTMRad   

● The coisotropic submanifolds, when .221 npr <=<  Then, 

( ) .TMTMTMRad ⊥=  
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● The isotropic submanifolds case, when .221 pnr <=<  Then, 

( ) .⊥= TMTMTMRad   

● The totally lightlike submanifolds, when .221 npr ==<  Then, 

( ) .⊥== TMTMTMRad  

In the first case, MT  has a follow decomposition: 

 ( )TMtrTMMT M ⊕=  

  ( )( ) ( ),⊥⊥⊕= TMSTMltrTM   (1) 

and 

  ( ) ( ),TMSTMRadTM ⊥=   (2) 

 ( ) ( ),⊥⊥ ⊥= TMSTMRadTM   (3) 

where ( ) ( )⊥TMSTMS ,  are screen distribution, screen transversal vector 

bundle, which is a complementary vector bundle of ( )TMRad  in ⊥TM  

and ( )TMltr  is a lightlike transversal vector bundle. For any local basis 

{ }iξ  of ( ),TMRad  there exists a local frame { }iN  of ( )TMltr  such that 

( ) ( ) ,0,,, =δ=ξ ijijii NNgNg  and ( ) 0, =ij NWg  for any local frame 

{ }iW  of ( ).TMS  In the coisotrope case, ( ) { }.0=⊥TMS  Then the relation 

(1) becomes 

( ).TMltrTMMT M ⊕=   (4) 

In the third case, the isotropic submanifold gives ( ) { }0=TMS  and 

( ( ) ( )) ( ).⊥⊥⊕= TMSTMltrTMRadMT M   (5) 

In the last case, ( ) ( ) { }.0== ⊥TMSTMS  

Let ∇  be the Levi-Civita connection on ∇andM  be induced Levi-

Civita connection on M. Then according to relations (1) and (4); 
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( ) ( ),,,, TMYXYXhYY XX Γ∈∀+∇=∇   (6) 

and 

( ) ( )( ),,, TMtrVTMXVXAV t
XVX Γ∈Γ∈∀∇+−=∇   (7) 

where { }XAY VX ,∇  and { ( ) }VYXh t
X∇,,  belong to ( )TMΓ  and 

( )( ),TMtrΓ  respectively. 

Suppose that ( ) { }0≠⊥TMS  and consider the projection morphisms  

L and S of ( )TMtr  on ( )TMltr  and ( ),⊥TMS  respectively. 

( ) ( ),: TMltrTMtrL →  

( ) ( ).: ⊥→ TMSTMtrS  

Then, the relations (6) and (7) become 

( ) ( ) ( ),,,,, TMYXYXhYXhYY sl
XX Γ∈∀++∇=∇   (8) 

where ( ) ( )( ) ( ) ( )( ).,,and,, YXhSYXhYXhLYXh sl ==  

( ) ( )( ),,, TMtrVTMXVDVDXAV s
X

l
XVX Γ∈Γ∈∀++−=∇   (9) 

where ( ) ( ).and VSVDVLVD t
X

s
X

t
X

l
X ∇=∇=  

For any ( ),TMX Γ∈  

( )( ) ( )( ) ( ) ( ),,: LVDLVTMltrTMltr l
X

l
X

l
X =∇Γ→Γ∇   (10) 

and 

( ( )) ( ( )) ( ) ( ),,: SVDSVTMSTMS s
X

s
X

s
X =∇Γ→Γ∇ ⊥⊥   (11) 

for any ( )( ).TMtrV Γ∈  Then, we define 

( ) ( ( )) ( )( ) ( ) ( ),,,: SVDSVXDTMltrTMSTMD l
X

ll =Γ→Γ×Γ ⊥   (12) 
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( ) ( )( ) ( ( )) ( ) ( ),,,: LVDLVXDTMSTMltrTMD s
X

ss =Γ→Γ×Γ ⊥   (13) 

for any ( )TMX Γ∈  and ( )( ).TMtrV Γ∈  

Thus, the relation (9) becomes 

( ) ( ) ( ) ( ).,, SVLVLVXDSVXDXAV s
X

l
X

sl
VX ∇+∇+++−=∇   (14) 

The above different geometry objects verify the following relations: 

( ( ) ) ( ( )) ( ),,,,,, YXAgWXDYgWYXhg W
ls =+   (15) 

( ( ) ) ( ( )) ( ) ,0,,,,, =ξ∇+ξ+ξ X
ll YgXhYgYXhg   (16) 

( ( )) ( ),,,, NXAgNXDWg W
s =   (17) 

( ) ( ),,, YXAgNXAg NN ′=′   (18) 

( ) ( ),,, PYNgPYXAg XN ∇=   (19) 

( ) ( ),,, i
l
jj

l
i XhXh ξ=ξ   (20) 

where ( ) ( )( ) ( )( ) ( ( )),,,,, ⊥Γ∈Γ∈ξΓ∈Γ∈ TMSWTMRadTMltrNTMYX i   
and ih  are such that 

( ) ( ) ( ).,,,, TMYXYgYXh iXi Γ∈∀ξ∇=   (21) 

In general, the induced connection ∇  on M and transversal 

connection t∇  on ( )TMtr  are not metric. Thus, 

( ) ( ) ( ( ) ) ( ( ) ),,,,,, YZXhgZYXhgZYg ll
X +=∇   (22) 

and 

( ) ( ) ( ( ) ( )).,,, VXAgVXAgVVg VV
t
X ′+′−=′∇   (23) 

2.2. Basics on Kaehler manifolds 

Let ( )gM m ,2  be a pseudo-Riemannian manifold and suppose there 

exists an automorphism J  on MT  such that ,2 I−=J  where I  is the 

identity on MT  and 
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( ) ( ) .,;,, MTYXYXgYJXJg xxx ∈∀=  

Recall that the index of such metric is even. Then ( )JgM ,,  is called 

an indefinite Hermitian manifold, if the Nijenhuis tensor fields of J  
vanished ( ),0=JN  where 

( ) [ ] [ ] ([ ] [ ]).,,,,, YXJYJXJYXYJXJYXNJ +−−=   (24) 

Moreover, according to Barros and Romero [3], M  is called an 

indefinite Kaehler manifolds, if J  is parallel with respect to ,∇  the Levi-

Civita connection of ( )., gM  That is, 

.0=∇J   (25) 

The existence of complex structure J  is not always guaranteed. As the  

6-dimensional sphere 6S  has no complex structure. However, 6S  carries 
an almost complex structure [9]. 

Let w be a 2-form on M  define as follows: 

( ) ( ) ( ).,,,, MTYXYJXgYXw Γ∈∀=   (26) 

Then w is called Kaehler form and define a symplectic form on .M  

Moreover, ( )wJgM ,,,  is an indefinite symplectic manifolds. But, it is 

shown by Thurston [13] that a symplectic manifold not always Kaehler. It 
is also comment by Banyaga [2]. 

Let M be a submanifold of a symplectic manifold ( )., wM  We note 

{ ( ) },,0,, MTuuvwMTvMT xxxxxxxx w ∈∀=∈=⊥  

and  

( ) .wTMTMTMRadw ⊥= ∩  
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2.3. Metric volume element on lightlike submanifolds 

Let ( ( ) ( ))⊥TMSTMSgM ,,,  be an m-dimensional lightlike 

submanifolds of an oriented ( )pm + -dimensional semi-Riemannian 

( )gM ,  and MMi →:  be an isometric immersion. 

Suppose pMs R→:  is a submersion such that there exists ,pa R∈  

which gives ( ) .1 Mas =−  

Proposition 2.1. The p-form pdsdsdsdsw  …321=  is nonull 

everywhere, where ( ).,,1 psss …=  Moreover, there exists on M  the                 

m-form η  such that 

( ) ( ) ( ) ,, Mxxvxw M ∈=η   (27) 

where Mv  is an element of volume on .M  

Then, the volume form Mv  on M is characterized by 

( ) ( ) ( ).xixvM η= ∗  

Proof 2.1. w is everywhere nonull. Indeed, s is a submersion and the 
rank of the Jacobian of s is constant and equal to p on M. 

(1) Existence of :η  

We can take η  as 

(( ) ( ) ),,, ##
1 pM dsdsv …=η  

where ( )#ids  is a vector field such that (( ) ) .#
ijji dsds δ=  

This vector field ( )#ids  is easily obtained because of nodegenerate of 

the metric .g  
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(2) Uniqueness of :Mv  

Suppose there exists η  and η′  such that 

,Mvww =η′=η   

then 

( ) ,,0 γ=η′−η=η′−η  Ww  

where γ  is a ( )pm − -form on M. 

Let X be the vector field on M, then ( ) .0=Xw  Thus, 

.Mvii =η′=η ∗∗  

Remark 2.1. This volume element is independent to the choice of 
screen distribution. The orientation of lightlike submanifolds comes the 
orientation of M  as follows. Let ,321 pdsdsdsdsw  …=  we say 

that M has direct orientation, if ( ) .0det >ηw  The indirect is given by 

( ) .0det <ηw  In another way, let np MMf →:  be an isometric 
immersion defined as 

( ) ( ( ) ( )).,,,,,,,, 1111 pnpp xxfxxfxx ………6…  

Then ( ( ) ) px dxdxfJ …1Min=η  is a nonull p-form on ;, MxM ∈∀  

where ( )xfJ  is a Jacobian of f in x, ( ( ) )xfJMin  is the p-matrix (minor) 

obtained to Jacobian with nonull determinant, and ( ( ) )xfJMin  is its 

determinant. 

3. Invariant Lightlike Kaehler  
Submanifolds 

Let ( ( ) ( ))⊥TMSTMSgM n ,,,2  be a lightlike submanifolds of an 

indefinite Kaehler manifolds ( ).,, JgM  Then nM 2  is said to be an 
invariant lightlike almost complex submanifolds, if 

( ) ., MxMTMTJ xxx ∈∀=   (28) 
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If we denote J the restriction of J  on TM, then we have 

( ) ( ).,, YXgJYJXg =   (29) 

Proposition 3.1. (1) ( )TMRad  and ( )TMS  are invariant by J. 

(2) ,Mx ∈∀  subspaces ( ) ( ) ( ),,, ⊥MTSMTSMTRad xxx  and ( )MTltr x  

are even dimensions. 

Proof 3.1. (1) Let ( ),TMRad∈ξ  we have ( ) =ξ∈∀ XJgTMX ,  

( ) ,0, =ξ JXg  then ( ).TMRadJ ∈ξ  Since ,12 −=J  then ( ) =TMJRad  

( ).TMRad  It is the same for ( ).TMS  

(2) Let ( ),TMSW ∈  we have ( ) ( ) ( ) ,0,,, ==−= JWWgJWWgWJWg  

then JW is orthogonal to W. As ( )TMS  is invariant, then the dimension 

of vector space ( ) MxMTS x ∈∀,  is even. 

Then, we deduce dimensions of subspaces ( ) ( ),, ⊥MTSMTRad xx  

and ( ) ., MxMTltr x ∈∀  

Theorem 3.1. Let ( )JgM n ,,2  be an invariant lightlike almost 

complex submanifolds of an indefinite Kaehler manifolds. Then nM 2  is a 
lightlike Kaehler manifolds. This means 

,00 ==∇ JNandJ  

where ∇  is the induced connection on M. 

Proof 3.2.  

● According to the relation (1), the Gauss formula is given by 

( ) ,,,, TMYXYXhYY XX ∈∀+∇=∇   (30) 

where TMYX ∈∇  and ( ) ( )., TMtrYXh ∈  Using the equation ,0=∇J  

we obtain 

( ) ( ) ( ) ( )( ) .0,, =−+∇−∇ YXhJJYXhYJJY XX  
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Then, 

( ) ( )( ) ,0,, =− YXhJJYXh   (31) 

and 

( ) ( ) .0=∇−∇ YJJY XX   (32) 

Thus .0=∇J  

● With a straightforward computation and using relations (24), (31), 
and (32), we have .0=JN  

These results are independent to the choice of screen distribution. 

Definition 3.1. Let ( )JMMf ,: →  be an isometric immersion of a 

lightlike almost complex submanifold into an indefinite Kaehler 
manifolds. Then f is a holomorphic isometric immersion, if  JfJf =      

on M, where .\ JJ M =  

Proposition 3.2. If f is a holomorphic isometric immersion, then 
gw TMTM ⊥⊥ =  and ( ) ( ).TMRadTMRad gw =  

Proof 3.3 (Proof of Theorem 1.1). f is holomorphic, i.e.,  JfJf =  on 

M. Recall ggf =  and ( ) ( ).,,,, YXwJYXgTMYX =∈∀  

( ) ( )JYfXfgJYXgf 
 ,, =  

( )YJfXfg  ,=  

( )YXwf ,=  

( )., JYXg=  

Since g is degenerated. 

Moreover, we show that ( ) ( )JYXgYXwf ,, =  is a Kaehler form on 

M and we have .0== dwfwdf   Thus ( ) ( ) ( )JZYgZYXwdf X ,,, ∇=  

( ) ( ) ( ) ( ) .0,, =∇+∇− JYXgJZXg ZY  Then, we deduce the result. 
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Proof 3.4 (Proof of Corollary 1.2). Let { ,,,,,,, 111 +ξξξξ kkk XJJ ……  

}nkn JXJXX ,,,, 1 …… +  be a local system coordinate of xMTx ∀,  .M∈  

Recall 

( ) ( ) ( ),,,,, TMYXYXhYXhYY sl
XX Γ∈∀++∇=∇   (33) 

where ( ) ( )( ) ( ) ( )( ).,,and,, YXhSYXhYXhLYXh sl ==  

According to Theorem 1.1 and relation (22), .0=lh  Moreover, 
( ) ( ) { }kiJJhh iiii ,,1,0,, …∈∀=ξξ+ξξ  and ( ) ( ) ,0,, =+ iiii JXJXhXXh   

{ }.,,1 nki …+∈∀  Then, 

( ( ) ( )) ( ( ) ( )) .0,,,,
11

=++ξξ+ξξ ∑∑ +== ii
s

ii
sn

ki
ssk

i
JXJXhXXhJJhh  

Proof 3.5 (Proof of Corollary 1.1). ( ) ( )YXgYXwf ,, =  (is a Kaehler 

form) TMYX ∈∀ ,  and .0=wdf   According to Theorem 1.1 and relation 

(22), ∇  is metric, then .0=lh  

Corollary 3.1. A totally lightlike almost complex submanifold of a 
holomorphic isometric immersion is Lagrangian submanifold.  

Corollary 3.2. Let ( ) ( )wJgMgMf nn ,,,,: 22 →  be a holomorphic 

isometric immersion of a lightlike isotrope almost complex submanifold 

into an indefinite Kaehler manifolds. Then ,0=wf   but ( )gM n ,2  is not 

Lagrangian. 

In this result sure, 0=wf   on M, but .2nm ≠  

In the following section, we will endow the type of this submanifold a 

symplectic form, which we call an associate symplectic form. 

Example 3.1. Let M be a totally lightlike surface of symplectic 

manifolds ( ),,,,4
2 WJgR  where 
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 (( ) ( )) ( ) ( ),,,,,;,,, 2211221121212121 vyvyuxuxvvuuyyxxg ++−=   (34) 

   ( ) ( ),,,,,,, 12122121 yyxxyyxxJ −−=   (35) 

(( ) ( )) ( ) ( ).,,,;,,, 2112122121212121 yvyvuxuxvvuuyyxxW −−−=   (36) 

Suppose the surface M is given by equations 

( ) ( ),;, 214213 xxGxxxFx ==  

with ( ) ( ) ( ) ( ) ,1;1 2222
2211 =′+′=′+′ xxxx GFGF  and =′′+′′

2121 xxxx GGFF  

.0  Then M is totally lightlike surface. We have 

{ ;
431

1 11 xGxFxSpanTMTM xx ∂
∂′+

∂
∂′+

∂
∂=ξ==⊥  

 }.
432

2 22 xGxFx xx ∂
∂′+

∂
∂′+

∂
∂=ξ  

Hence Jacobian matrix of functions F and G is orthogonal, thus, there 
exists a smooth function u such that =′−=′=′=′

1221 ;cos xxxx GFuGF  

.sin u  A straightforward calculation shows that ( ) .TMTMJ =  

The immersion isometric defines by 

,: 4
2R→Mf  

( ) ( ) ( )( )baGbaFbaba ,,,,,, 6  

is holomorphic and .0=Wf   

Example 3.2. Let M be a coisotropic lightlike submanifold of 

symplectic manifolds ( ),,,,6
2 WJgR  where 

(( ) ( ))212121212121 ,,,,,;,,,,, ννvvuuzzyyxxg  

( ) ( ),, 221122112211 νν zzvyvyuxux ++++−=  

( ) ( ),,,,,,,,,,, 121212212121 zzyyxxzzyyxxJ −−−=  
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(( ) ( ))212121212121 ,,,,,;,,,,, ννvvuuzzyyxxW  

( ) ( ).122121121221 νν zzyvyvuxux +−+−++−−=  

The submanifold {( ) }2211
6
2212121 ;;,,,,, yxyxzzyyxxM ==∈= R  

is defined by the following equations: 

,: 6
2R→Mf  

( ) ( ),,,,,,,,, 212121
4321 zzyyxx6θθθθ  

such that 

















θ=

θ=

θ=

θ=

θ=

θ=

,

,

,

,

,

,

4
2

3
1

2
2

1
1

2
2

1
1

z

z

y

y

x

x

 

f is a natural injection, then f is holomorphic. TM is spanned by 

,;;;
2

4
1

3
22

2
11

1 zUzUyxUyxU
∂
∂=

∂
∂=

∂
∂+

∂
∂=

∂
∂+

∂
∂=  

( ) { }., 21 UUspanTMTMRad == ⊥  We have 21 UJU =  and .43 UJU =  

Hence ( ) MTMTMJ ,=  is invariant with J. Moreover, .43 θθ−= ddWf   

Example 3.3. Let M be a coisotropic lightlike submanifold of 

symplectic manifolds ( ),,,,8
4 WJgR  where ,, Jg  and W are defined as in 

relations (34), (35), and (36). The submanifold {( ,,,, 2211 yxyxM =  

) }4324323131
8
44433 ;;;;,,, yyyxxxyyxxyxyx +=+===∈ R  is an 

invariant holomorphic 2-lightlike submanifold. TM is spanned by 

;;
321

2
321

1 yyyUxxxU
∂
∂+

∂
∂+

∂
∂=

∂
∂+

∂
∂+

∂
∂=  

,;
42

4
42

3 yyUxxU
∂
∂+

∂
∂=

∂
∂+

∂
∂=  
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( ) { }., 43 UUspanTMRad =  We have 21 UJU =  and .43 UJU =  Hence 
( ) MTMTMJ ,=  is invariant with J. 

Moreover, .324131 θθ+θθ+θθ= ddddddWf   

Proposition 3.3. In considering the relation (14), the different 
geometry objects verify the following relations: 

( ) ( );,,; WXDJWJXDXJAXA ll
WWJ ==   (37) 

( ) ( ) ;; XJAXAWJWJ NNJ
s
X

s
X =∇=∇   (38) 

( ) ( ) ( ) ( ).;,, NJNJNXDJNJXD l
X

l
X

ss ∇=∇=   (39) 

With a straightforward computation, we prove this proposition. 

4. An Associate Symplectic Form on 2-Lightlike  
Kaehler Submanifolds 

4.1. Symplectic normalization 

Let ( ( ) ( ) )JgTMSTMSM n ,,,,2 ⊥  be a 2-lightlike Kaehler 

submanifolds of an indefinite symplectic manifolds ( ).,,,2 wJgM m  Then 

wf   is not symplectic because it is degenerated on the radical 

distribution. To endow M, a symplectic form from ,wf   we will consider 

pairs of the normalizing null vectors ( )ξ,N  and ( )ξJNJ ,  such that 

( ) ,0=θθ Jd    where ( ).,Ng=θ  and ( )..,NJgJ =θ  

Lemma 4.1. ( ) 0=θθ Jd   iff ( ) .0=∇ N  

We will prove this lemma with easy computation. 

Several authors considered the normalization problem in various 
ways, but this normalization is in Bejancu and Duggal [5] approach. In 
which the induced geometric objects with respect not only to the screen 
distribution, but also to the choice of pair of the normalizing null vectors. 
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This normalization is like the Duggal and Bejancu one in which, we 
impose null vectors to be parallel. 

Proposition 4.1. Let ( ) ( )ξξ JJNN ,,,  be pair of normalizing null 

vectors as in previous subsection and make a change with ( ),~,~ ξN  

( ),~,~ ξJNJ  where WNN +ζ+φ=~  and ( ) ( )∗∈φΓ∈ζ R,, MCTM  and 

SW ∈  ( ).⊥TM  Then, 

(1) .1~ ξ
φ

=ξ  

(2) ( ) .02 22 =+ζ+ζφθ W  

(3) ( )..,~ ζ+φθ=θ gM  

(4) 
( )
( ) ( )









=ζ∇
φ∇=

∇=ζ

.

,.,
,.,

w

l

ss

A
NWD

Wh
 

(5) Let ,~~~ θθ+=η Jwf   then .~ 2 nn ηφ=η  

Proof 4.1. (1) We have 

( ) ( )ξ+ζ+φ=ξ ,,~ WNgNg  

( )ξφ= ,Ng  

.φ=  

Then .1~ ξ
φ

=ξ  

(2) We have ( ) ,0~,~ =NNg  then deduce the result. 

(3) As ( ).,Ng=θ  and the fact that ( ) .0,, =∈∀ XWgTMX  Then, 
we obtain the result. 

(4) Comes from relations (14) and (15) to (19). 

(5) With easy computation, we deduce the result. 
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4.2. Associate symplectic form 

Proof 4.2 (Proof of Theorem 1.2).  

● As ( )TMSg\  and θθ J  are, respectively, non degenerate on 

( )TMS  and ( )TMrad  and J is a bundle isomorphism, then the 2-form η  

has maximal rank. It is easy to compute that nη  is a volume element 
according to [7]. 

● The rest it is to show that .0=ηd  Then, 

( ) ( ) ( ) ( ) ( )JZXgJZYgZYXd YX ,,,, ∇−∇=η  

( ) ( ) ( )( ).,,, ZYXJdJYXgZ θθ+∇+   

We conclude with Theorem 1.1 and Lemma 4.1. 

Thus, we have a symplectic form pseudo-compatible with degenerate 
metric g on M. 

Corollary 4.1. The 2-isotrope or 2-totally lightlike invariant almost 
complex submanifold of indefinite Kaehler manifold admits an associate 
symplectic form 

.θθ=η J  

Remark 4.1. (1) Suppose ,, θξ  and η  are defined on U and ,, ∗∗ θξ  

and ∗η  are defined on .∗U  Then, there exists a function ϕ  on ∗UU ∩  

such that ,η=ηϕ ∗  where the Jacobian of [ ]ϕϕ,  is given by 

[ ] ,





=ϕ

DC
BA

  

where ( ) ( ) ( ),22,2,2,22,22 −∈−∈−∈ nCnBnOA MM  and 

.,1
22

∗∈





 −

+
= Rba

ab
ba

ba
D  

(2) In another way to endow a lightlike submanifold of an indefinite 
Kaehler manifold, an associate symplectic form, we can at first associate 
to lightlike submanifold an associate nodegenerate metric and use the 
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Kaehler form of the above metric as symplectic form. As an example of 
the 2-lightlike submanifold, an associate metric express as ⊗θ+= gg~  

.θ⊗θ+θ JJ  

(3) We can extend all this result on the r-lightlike submanifold of an 
indefinite Kaehler manifold. But, the problem is to characterize the 
diffeosymplectic of changing local coordinate. 

4.3. Hamiltonian fields 

Let ( ( ) ( ) )η⊥ ,,,, TMSTMSgM  be a lightlike symplectic 
submanifold. Let note ( ) { ( ) }0,, =η∈=η XidTMXML  the set of vector 
fields, which preserve the symplectic form η  and ( ) { L∈=η XMharm ,  
( ) },,, dfiM X =ηη  the set of Hamiltonian fields. Recall that ( )η,Mharm  

( ),, η= ML  if the cohomology group ( )MH1  is trivial. 

Proof 4.3 (Proof of Theorem 1.3). From Lemma 4.1, we have 0=θd  
and ,0=θdJ  or θ=ηξ Ji  and .θ=ηξJi  Then, we deduce the result. 

Example 4.1. Let use the previous Example 3.1. We define an 

associate symplectic form as ,θθ=η J  where { +′+=θ 31 12
1 dxFdx x  

}41dxGx′  and { }.2
1

432 11 dxFdxGdxJ xx ′+′−=θ  An easy computation, 

gives ( ).,, 21 η∈ξξ Mharm  Then 21 dxi =ηξ  and .12 dxi =ηξ  Let defined 

Poisson bracket as 

{ } ( ),,,,, ## dgdfgfgf η=∈∀ ∞C  

where ( ) ( ) θξ+θξ= JfJfdf ..  and #df  is such that ( ) .1# =dfdf  

5. Lightlike Symplectic Reduction 

Let ( ( ) ( ))⊥TMSTMSgM n ,,,2  be a lightlike holomorphic 

submanifolds of an indefinite Kaehler manifolds ( ).,,, wJgM  

Corollary 5.1. The subbundle ( )TMRad  is involutive. 
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Proof 5.1. It comes from Theorem 1.1 and Theorem 2.7 of [5, pg. 162]. 

Let MMf →:  be a holomorphic isometric immersion. Let F  be the 

radical foliation defined on M by ( )TMRad  (Frobenius theorem). The     

2-form wfwM
=  is constant along the leaves of .F  Indeed, if ξ  is a 

tangent vector to the leaves of ,F  i.e., ξ  is section of ( ).TMRad∈  Then, 

.MMM dwiwdiwL ξξξ +=  

But 0=Mdw  and ,0=ξ Mwi  since .⊥∈ξ TM  Therefore, MM wiwL ξξ =  

.0=  This means that Mw  is a F -basic form. 

Proof 5.2 (Proof of Theorem 1.4). Suppose P is a smooth manifold and 
PM →π :  is the natural projection, there exists a 2-form Pw  on such 

that .MP ww =π  Clearly, ( )TMRadTMTP ≅  and ( ) =xwP  ( )xwM  

for an Mx ∈  projecting .Px ∈  Hence Pw  is a symplectic form on P 

[14]. Thus, the screen symplectic manifold ( )PwP ,  is said to be obtained 

by reduction from ( )., wM  

For more details on space of leaves, we can see the part A of [1]. 

Corollary 5.2. The proper an invariant r-lightlike holomorphic 
submanifolds of an indefinite Kaehler manifold admits a symplectic 
reduction. 
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